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Summary .

The adequacy of “the Chi-square approximation to the null
distribution of the memibers of the generalised Chi-square statistics
under the simple hypothesis has been examined. Expressions for the .
first two moments of the statistics are obtained up to the orderof O(n” L.
Two corrections have been considered to improve the Chi-square
approxtmation. Numerical accuracy of the approximations have been ‘
checked through simulation. Bartlett adjusted statistic of a member of . 1
this family emerges as a competitor for Pearson Chi-square statistic. : ‘

Key words : Multinomial distribution; Generalised Chi-square
Statistics; Null distribution; Equiprobable ‘null hypothests; level of
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, Pearson Chi-square statistic is wideely used to test the
hypothesis that the observed frequencies n = (n, . . ., ng) in kclasses
are according to a multinomial distribution with specified cell
probabilities (), . . ., my). Cressie and Read [4] unified the theory of

- the ‘Chi-square’ goodness-of-fit tests by considering a class of.
goodness-of-fit statistics. This class includes the well known
statistics, that is, Pearson Chi-square, likelihood Ratio, the

+ Freeman-Tukey statistic, and Neyman's modified Chi-square
statistic. Another class of goodness-of-fit statistics abailable in the
literature, is the Generalised Chi-square statistics (Taylor [15]).

- Introduction - RS : {
{

e

Given the sample n = (n;, . . ., ng) from the multinomial
distribution ‘'with cell  probabilities My, ..y A, where
= my(01, . . ., 05) the family of generalised Chi-square statistics is
defined by
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Dn{p.n(;,)}_n: [ney-n {m(e}]' e
m(e)[ " :q(e)}] Can

Where
‘P,-' D y=1,... Kkand0is any Best Asymptotically rio'r'maiu:

(BAN) estimator of 8, and h(x) is a monotone function of x for O<x<1.-
For all practical purposes, it is convenient to consider the family

when h(x) =x", n ¢ R and (1.1} takes the form .

42

[n = ©) o
nm(ﬂ)z"' “ - (1.2)

D¢ {p. 0@ n

' It .may be noted that D is a sum of weighted squared .
differences, between the observed frequencies raised to a power and

the expected frequencies raised to the same power Also, D(") is
approximately equal to the power divergence statistics (Read and

Cressie [11]. Some particular casés of D(")' are given‘i_n Table_. 1.

V'Tatgle: 1. Members of p {:p. z (B)} for selected values of ..

.. : ... D {.p. z (6)) : - Statistic. L
o | ny 4 (8) llog pi- log m(@)%
- , : o » 2 :
1/2 wmY[ve-m@ | . - | Freeman-Tukey
2/3
1 S ‘[&g)]_ . Pearson Chi-square
m [
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It is worth to point out here that the well known statistics namely
likelihood Ratio Statistic and Neyman’s modified Chi- square
statistic are not members of this family.

Using Taylor’s expansion, under the null hypothesis

Hp: m=m(0).1=1,... k unspecified, as well as contiguous
C
alternative hypothesis H, :"1’“1(6)+fr: 1 =1,... k with

Y C=0,
. _ H 2
DY@ 2@ = a3 %00, o, 1)

(1.3)

Thus all the members of Dg‘) (p. = (9)) have the same asymptotic
distribution both under Hp and H,. Under the null hypothesis it is
that of a central Chi-square random varilable with k-s-1 degrees of

-freedom (d.f.) and under the contiguous alternative hypothesis that
of a non-central Chi-square random variable with d.f. k-s-1 and the

same non-centrality parameter." Some properties of D(“) P x (9))
have been studied by Sutrick [14} and Rao [9].

For the Pearson statistic, the large sample approximation under °
Hu is quite accurate for moderate and small sample sizes especially
* when the cells are equiprobable (Yarnold[17]). The approximation is
* markedly less accurate for other members of the power divergence
family (Larntz (7], Read [10]). The purpose of the paper is to study
the small sample behaviour of this family, when the hypothesis is
simple. For this purpose, more accurate approximations to the first
and second moments of the generalised Chi-square statistics are
obtained so as to check the adequacy of the chi-square

approximation to the asymptotic distribution of Dg‘) (p. o) where
n= no= (To1. . . ., Tox)’ and possibly to improve the approximation
(Cox and Hinkley (3], Read [10]).

2. Moments under the Simple Null Hypothesis

Under the simple null hypothesis m == ssaim—m—t—————
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- . p® o o [1. M ‘
Cor.‘r.ecl.tionyl; : Dy Dé [1+ 1 |- 3.1)
and :

- DY -d .
. m _ ¥n ~Ca .

Correction 2 : Dy Ve ‘ (3.2)

Where b, = k_l_ and a, and b, are the co efficients of %

bn

E[D(")] and V[Dg‘)] respectively and C, = l+m and dn =

(k- 1) (1- v— )+—— TheexpectedvalueofD(“) is (k=1) to O(n"2). The

statistic D(") has mean k-1 and variance 2(k-1) up to the order. of

O(n'2) As the correction is based on the first two moments, D(") is
expected to prov1cle better approximation to the distribution

4. Finite Sample comparisons

Although it is of interest to compare the exact distribution of

_D(“) in the entire range of the variate, in practical situations of

testing, we are concerned with only the tail probability. In this
empirical study, we restrict to the finite sample comparison of the

attained level of the test for different members of D(") Consider
mainly the symmetric null hypothesis = % i-1 .» K. There are

various studies indicating that equiprobable class intervals produce
the most sensitive tests. They are locally most powerful and
unbiased (Kendall and Stuart [6], Cohen and Sackrowitz [2], Spruill
[13D.

The attained level of - the test is. obtained by simulation.
n pseudo-random numbers are generated in the unit-interval (0,1).
They are then inserted into the appropriate one of the k groups by

using the limits O, n;, T+ 7, . . 2 o,

Next the values of ap, by, Co and dy computed. The values of
DM, DM and DYV, are then calculated and comvpared' to the
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appropriate tabled alpha point of the central Chi-square
distribution. The sampling process is repeated 1,000 times for each
of the combination of n, k and n and ‘the estimate of the actual
attained level of significance is the proportion of times that the value

of Dg‘), Dg')’ and Dgl) | is in the rejection region. Also from 1000
samples, the values of a for the simulated distribution of D{V,

D,(,"). and DV are obtained. The values of n, k,  and a considered
for the study of the equiprobable null hypothesis are as follows: '

n= 10,15, 25, 50, 100

k= 3,4,8.10

n= -2, -1,-0.5,0,0.5,2/3, 1,2, 5.
a=  0.10.0.05. 0.01

Fork =4, 8and values of m and o as mentioned above; in addition
to the equiprobable null hypothesis, two other null hypothesis are
also considered. They are ‘

8 (%« @K™, 21;-+ @K, . ... (2k)")

11 1 1 1 :
(i) 09(kk k)o1(§§,o..._..o)

_ The values of 1=2/3 is included because minimization of DI
produces estimators which has got same second order efficiency as
maximum likelihood estimator (Nagnur and Hegde [8]). We present
the results for n=15 and k=4, 8 for the equiprobable null hypothesis
in tables 3 and 4. The results for others are similar to those that are
presented. '

Based on the empirical study, the following observations are
made:

(1 For n < 0, the attained level of significance is
considerably larger than the nominal level of

significance. The two statistics D™ and D™ improve the
gl i n n p

approximations but still the attained level of
significance is higher than the nominal level. [See Table
3 and 4]. This is due to the fact that for v < O, for all




'l‘ahle 3. Estimates of the attalned levels of significance under symmetric null hypothesis for k= =4, n-15 and different values of

n along with the a% point of the simulated distribution of D") D(") and D{") .-

SOILSILVIS FAVNOS-IHO GHsI’IVHEIAﬁD NO

a=0.01 a=0.10 a% point of the simulated djstribution
Value of
n a =0.01 a=0.10
Dy Dy D3 D D2 D3
' Dy D2 D3 ‘D1 D2 D3
-2 0.404 0.319 0.319 0.648 0.319 0.319 © ® o 166.55 38.28 40.08
-1 0.319 0.319 0.132 0.404 0.319 0.319 [ L) o 32.28 12.74 11.66
-0.5 0.319 0.063 0.062 0.337 0.319 0.319 o [ /o0 16.76 8.88 . 7.96
0] 0.063 0.052 0.052 0.320 0.146 0.132 [ © ® 9.80 6.92 8.36
0.5 0.055 0.052 0.052 0.147 0.101 0.087 19.85 17.71 17.02 7.02 6.27 6.11
2/3 0.026 0.026 0.026 0.128 0.101 0.101 14.05 \ 13.24 13.21 6.86 6.47 6.46
1 0.015 0.015 0.015 0.105 0.105 0.105 11.40 11.40 11.69 6.60 6.60 6.73
2 (_).081 0.023 0.021 0.233 0.092 0.092 22.65 17.65 14.37 7.64 5.96 5.29
A‘ 5 _0.576 0.125 0.233 0.570 0.233 0.233 |927.67 146.47 " 169.64 72.23 11.41 12.76
' o a= 001 a= 0.10
a% point of the central Chl-sqgare distribution :for 3d.f 11.34 5.25

D, = D Dz = D’ D3 =D . |

‘
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Table 4. Estimates of the attained levels of slgnldcance under symmetric null hypothesis for k=8, n=15 and different values of
7 along with the a% polnf of the simulated distribution of D{V, DYV and D{P .

) a=0.01 a=0.10 a% point of the simulated distribution
Value of ;
M a =0.01 a=0.10
Dy Dy D3 Dy D2 D3
) D, D2 D3 D1 D2 D3
-2 0.764 0.764 0.764 0.864 0.764 0.764 ® .w ® @ ® o
-1 0.764 0.764 0.764 0.764 0:.764 0.764 ® ® ] ) ® o
-0.5 0.764 0.764 0.764 0.764 0.764 0.764 © 4 o0 ® o o0
(o] 0.764 0.764 0.764 0.764 0.764 0.764 o o - o @® -4 ®
0.5 0.213 0.057 0.049 0.415 0.314 0.308 29.32 23.69 22.47 20.70 16.73 16.02
2/3 ’ 0.029 0.010 0.01_0 0.223 0.156 0.156 20.78 18.67 18.60 14.86 .13.35 13.32
1 0.012 0.012 0.012 0.014 0.014 0.014 18.60 18.60. 19.01 12.20 12.20 12.38
2 0.256 - 0.066 0.062 0.345 0.144 0.114 79.91 ' 45.67  34.78 24.85 14.20 12.17
5. 0.853 0.345 0.345 0.973 0.345 0.714 |39339.97 2850.72 4552.60 1483.83 107.52 . 167.68

a% point of the central Chi-square distribution for 7 d.f.

a=- 0.01 .
18.48

a= 0.10
12.02

D; =D,

D = DY

D3 = Dﬁ}‘_) .

891

S
§
3
5
EA
1)
g
$
3
S
:
()
5
&
-3
iy
3




2)

(4)

(6)

3)

(5)

ON GENERALISED CHI-SQUARE STATISTICS - - 189

partitions with zero observations in one or more cells,
DY is infinite, and the exact critical region will always

" contain all such partitions. Since D("’ and D"" are
infinite whenever D"" is infinite, the approximations are
- not suitable. Therefore, for n < 0 and for moderate

sample size, the use of D is not appropriate.

' For values of j somewhere between 0.5 to 1.5, the exact

level of significance is very close to nominal-level of

- significance. For these values of m the Chi-square
- approximation is adequate to " 'the \asymptotic

distribution of DY’

The Chi-squarg aPpi’oximation is quite satisfactbry?for
the Pearson Chi-square statistic. Similar conclusion is
by Good et. al. {5}, Chapman [1]/ Larntz (71 and Read
(10l

The two approximations produce significance levels that
are quite close to the nominal levels in the range (0.5 to

'2.0).  Amorig the two - approximations, the 'second .

approximation produce significance levels much closer

to the nominal level than the first one. Thus

Freeman-Tukey Chi-square statistic can be used with
the second approxlmation '

For large- positive values of n. the Chi-square
approximation is not satisfactory as indicated by the
attained level of significance and  the simulated
estimates of the 0% values of the test statistics. The two

" approximations f fail to improve the situation.
(See for n=5 in Tables 3 and 4).

11=2/3 seems t0 be a competitor for Pearson Chl-square-
statistic. For values fo k from 3 to 10 and n < 50, the

distribution of Dg‘) can be well approximated by ‘a
Chi-square distribution and the second correction does

not improve the situation. For values of nz100, the

distribution of D® can well be approximated by
Chi-square distribution and no correction is required..

.
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